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Development of an Analytical Model of Wing Rock

for Slender Delta Wings

J. M. Elzebda,* A. H. Nayfeh,t and D. T. Mook}
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

Three analytical models of the subsonic wing-rock phenomenon for slender delta wings mounted on free-to-
roll stings are compared. The first model was developed earlier by other investigators, the second is-a version
of the first model that has been modified in the present paper, and the third was developed in an earlier paper
by the authors. The differences among the three models lie in the assumed nonlinear form of the roll moment
as a function of the roll angle and its derivative. The numerical values of the coefficients in the moment
expressions are obtained by fitting them to moments obtained in an earlier numerical simulation. It is shown that
the original model, which contains only quadratic terms, does not predict roll divergence. The model is modified
by the addition of a cubic term, and the modified version does predict roll divergence. An asymptotic
approximation to the solution of the equation of motion is obtained for the modified model, and it is shown that
the solution reduces to the one given when the cubic term is dropped. Finally, the two models are compared with
a third model developed earlier by the authors. The penods and amplitudes predicted by the asymptotic analysis
for all thre¢ models are in close agreement with the numerical simulations, which were found in an earlier work
to be in good agreement with experimental data. It appears that the authors’ model is slightly more accurate and

easier to analyze than either the earliest model or the modified version of that model.

Introduction

UBSONIC wing rock of slender delta wings has been the

subject of several articles. As a step toward providing some
basic understanding of the phenomenon, a series of two wind-
tunnel experiments!? were performed. In these experiments,
slender delta wings were mounted on free-to-roll stings. The
angle of attack was increased until the wing spontaneously
began to oscillate. Subsequently, Konstadinopoulos et al.’
developed a numerical simulation of this experiment, and
from this simulation Nayfeh et al.* developed an analytical
model. At about the same time, Hsu and Lan’ also developed
an analytical model. There are some significant differences
between these two analytical models, and the purpose of the
present paper is to provide a critical comparison of the two.

Analytical Models
Hsu and Lan® and Nayfeh et al.* worked with the following
equation of motion:
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where ¢ is the roll angle, p is the density of air, U, is the speed
of the freestream, S is the plan form area, b is the chord, C,is
the roll-moment coefficient, and I, is the mass moment of
inertia of the wing around the midspan axis. The last term
models the effects of (viscous) damping in the bearing; it was
not included in the analysis by Hsu and Lan. The major
difference between the two models is in the assumed form of
C.

Model of Hsu and Lan
Hsu and Lan proposed the following:

¢ = Lo+ sinaLgp + Lyod + Lyg sinaldlé+ Ly, 1¢1d  (2)
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where Lo, Lg, Lpo, Lpg, and L,, are constants and a is the
angle between the freestream and the axis of rotation of the
wing (called angle of attack in the following; see Fig. 1). They
took L, to be zero in all of their results, and we do the same
here. To investigate the properties of the solution of Eq. (1),
it is useful to have numerical values for the constants on the
right-hand side. Hsu and Lan did not provide these constants.
As a result, we turn to the numerical simulation of Kon-
stadinopoulos et al.?

One of the benefits of having such a simulation is that the
aerodynamic roll moment is predicted as a function of time.
The numerical simulation of Ref. 3 accurately imitated the
behavior of the wing observed in the wind-tunnel tests of
Nguyen et al.! and Levin and Katz? giving close estimates of
both the amplitude and the period of the limit-cycle motion;
thus, it is likely that the numerically predicted roll moment is
also accurate. These numerical simulations were conducted
using the delta wing shown in Fig. 1 for the case where d = 0.

Following Hsu and Lan, we write the (dimensionless) roll
moment around the midspan chord as

Cr=ap+mp+aldld+aldle 3

Next, we obtain numerical values for the g; by fitting this
expression to the numerically obtained moment using a least-
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Fig. 1 Schematic representation of a delta wing on a free-to-roll
sting; d # 0 corresponds to the experiments of Nguyen et al.! and d= 0
corresponds to the experiments of Levin and Katz.2
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Fig.2 Roll-moment coefficient as a function of time: a) a =15 deg (a

stable case), b) =25 deg (an unstable case). Each part contains the

values of ¢; obtained from both the numerical simulation and Eq. (3).

Table 1 Coefficients in Eq. (3) for different angles of attack

a, deg ay a a3 as’

15.0 —0.0106857 —0.02192166 0.11961137 —0.3317292
21.5 —0.03518571  0.01595784  —0.0688440 0.05353120
22.5  —0.03557399  0.02891174  —0.10454088 —0.02906233

25.0. —0.03881275 0.065991965 —0.1942874  —0.27968228

Table 2 Coefficients in Eq. (4) for different angles of attack

a,deg oP=sinalB  p=Lp, bi=sinaly; = ba=Lpp
150 0.0037805  —0.0087556 0.04231681 —0.11736108
21.5  0.0124482  +0.00464566 —0.02435604 -+0.01893858
22.5  0.01258557 +0.00923058 —0.03698508 —0.01028184
25.0  0.01373140 +0.0223470  —0.06873613 —0.09894762

squares criterion. There is a set of the a; for each angle of
attack «. Some examples are given in Table 1.

In Fig. 2, both the moment coefficient from the numerical
simulation and the moment coefficient given by Eq. (3) and
the constants in Table 1 are shown as functions of time. The
results were obtained by releasing the wing from rest at an
initial displacement of 5 deg. In Fig. 2a, the angle of attack is
15 deg, and in Fig. 2b, the angle of attack is 25 deg. Clearly,
the smaller angle of attack is stable whereas the larger is
unstable. The results from Eq. (3) fit the data (i.e., numeri-
cally obtained results) better at the smaller angle of attack.
One can clearly see differences at the higher angle of attack.

Substituting Eq. (3) into Eq. (1), and rearranging the result,
we obtain :

b+ =pd+ b lold +b2ldlo (4a)

where
w?= — Ca; = — sina,Lg (4b)
p=C,~D=L,—~D (4c)
b, = Ca; = sinaL 4d)

b= Ca“ =L, (4e)
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Fig. 3 The coefficients of Eq. (4) (without ¢3), and of Eq. (11) (with
¢°) as a function of angle of attack. ’
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The values of C and D were also used in the numerical
simulation. The numerical values of the coefficients in Eq. (4)
are given in Table 2. These coefficients are plotted as func-
tions of angle of attack in Fig. 3. In Fig. 3, there are two sets
of curves, one labeled ‘‘with ¢3’’ and the other labeled ““with-
out ¢°.”” For now we are concerned only with the curves
labeled without ¢*. Subsequently, we will modify Eq. (4), and
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the curves labeled with ¢3 correspond to the modification. The
point where p is zero corresponds to the onset of wing rock.
Here the critical angle of attack is between 19-20 deg.

Next, we consider the phase plane corresponding to Eq. (4).
To write Eq. (4) as a system of two first-order equations, we
let

»n=a, n=9¢
Then
i=» (52)
Ja= — o+ pn+ bilyilys + bl lys (5b)

The equilibrium positions of the motion correspond to
=0, J2=0 6)
The only solution is

yi=y,=0 )]
As we will see in the following, the fact that there is only one

equilibrium position is a serious shortcoming of this model.
To investigate the stability of the equilibrium point at the
origin, we introduce a small perturbation in y, and y, given by

the functions &, and u,, respectively. Then it follows from Eq.
(5) that

i =u (8a)
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Fig. 4 Phase planes obtained by numerical integration of Eq. (5): a)
a=15 deg; and b) a= 25 deg.
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= — w2u1 + py (8b)

when all of the nonlinear terms are ignored. The eigenvalues
of Eqgs. (8) are

1
My N =3 Vp — Ao ®

Generally, [2w| > 1ul (this is true in the present example
for the range of 15 < o < 25 deg); consequently, \; and A, are
complex conjugates and the stability of this equilibrium point
(the origin) is determined by the sign of u. As we already
noted, u changes sign at approximately 19.5 deg. For «>19.5
deg, the origin is an unstable focus; for o < 19.5 deg, the origin
is a stable focus; and for o = 19.5 deg, the origin is a center,
and often called a Hopf bifurcation point.

The entire planes for oo = 15 and 25 deg are shown in Figs.
4a and 4b, respectively. These planes were constructed by
numerically integrating Eqs. (5) for the two sets of constants
corresponding to 15 and 25 deg given in Table 2. We note that,
no matter how large the initial conditions, this model does not
predict divergence (i.e., continuous rolling in one direction
instead of oscillations). Yet divergence has been observed® for
slender delta wings, such as the one considered in the present
paper (Fig. 1). For the model to predict divergence, it must
have more than one equilibrium position.

Modified Model of Hsu and Lan

Next, we consider the effect of modifying the model of Hsu
and Lan by adding a cubic term to the expression for the
moment [Eq. (3)], so that

C=ap+ap+asldpld +a,ldpl o+ ase? (10)

The values of the a; were obtained by fitting Eq. (10) to the
same numerical data and are given in Table 3.

In Fig. 5, both the moment obtained from the numerical
simulation, as well as the moment given by Eq. (10), and the
numerical values of the g; in Table 3 are shown as functions of
time. Comparing Fig. 2 with Fig. 5, we note that the addition
of the cubic term greatly enhanced the agreement between the
two moments, especially in the limit-cycle motion. Comparing
Table 1 with Table 3, we note that the addition of the cubic
term caused all of the coefficients to change and that the
coefficients of the nonlinear terms changed more than those of
the linear terms.

Substituting Eq. (10) into Eq. (1) leads to

b+ w?p=pd+blodld+ bldle + byg? (11a)
where «?, i, by, and b, are defined as they were in Egs. (4), and
by = Cas (11b)

Both C and D retain the values used in the numerical simula-
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Fig. 5 Roll-mount coefficient as a function of time for «=25 deg.
Plotted are the values of c; obtained from beth the numerical simula-
tion and Eq. (10).



740 ELZEBDA, NAYFEH, AND MOOK J. AIRCRAFT

Table 3 Coefficients in Eq. (10) of different angles of attack

«, deg a; az

as as as

15.0 —0.0102590  —0.0214337
21.5  —0.04177563 0.01461574
22,5  —0.04569571 0.0235172
25.0  —0.0525606 0.04568407

0.05711631 —0.0619253  —0.14664512
—0.06732727 0.08415139 0.04606465
—0.09944902 0.06890047 0.05315907
—0.17652355 0.0269855 0.06063813

Table 4 Coefficients in Eq.

(11) for different angles of attack

«, deg o? w“

b by bs

15.0 0.00362949  —0.00858295
21.5  0.01477963 0.004170843
22.5 0.016166495 0.00732005
25.0 0.01859521 0.015162375

0.02020694 —0.0219083  —0.051880962
~0.02381943 0.02977157 0.016297021
—0.03518365 0.02437601 0.01880692
—0.06245153 0.00954708 0.02145291

Table 5 Amplitudes and periods of the limit-cycle motions predicted by the three
analytical models for different angles of attack

Amplitude

T
Period, ket
27T

Model of Model of Hsu and Lan Model of Model of Hsu and Lan

Nayfeh  without 3  With¢®  Navfeh  without 93 With ¢

a, deg et al. et al.
15.0 _ _ —_ _— _— —
21.5 28.79 31.15 33.96 1.11 1.00 1.145
22.5 31.49 31.70 34.09 1.15 1.00 1.154
25.0 32.94 32.82 34.20 1.18 1.00 1.154

tion. The values of the coefficients in Eq. (11) are given in
Table 4.

These coefficients are plotted in Fig. 3 and they correspond
to the set of curves labeled with ¢3. We note that the addition
of the cubic term did not significantly affect the predicted
critical angle of attack.

Next, we consider the phase plane corresponding to Eq.
(11). Following the same procedure as before, we rewrite Eq.
(11) as a system of two first-order equations

=» (12a)

2= =+ + bilyily, + bolyalya + by (12b)
The equilibrium positions correspond to

Nn=y=0 (13)

w
n=+—, y2=0 (14)
Vb

Referring to Fig. 3e, we note that b, is negative at low angles
of attack and positive at high angles of attack, and it appears
to change sign at the critical angle; thus, below the critical
angle there is only one equilibrium point, and the addition of
the cubic term to the moment expression, Eq. (10), appears to
have little effect. However, at the critical angle of attack, two
additional equilibrium points form far from the origin. As the
angle of attack increases, these new equilibrium points move
inward (b, increases). Thus, for supercritical angles of attack,
the addition of the cubic term to the moment expression
appears to have a profound effect.

To investigate the stability of the equilibrium points, we
again introduce small perturbations:

=Yty (152)
Vo=, (15b)

where g is the coordinate of an equilibrium position, i.e., Eq.
(13) and (14) (¥4 is zero for all points). Substituting Egs. (15)

into Eqgs. (12) and neglecting nonlinear terms in #; and u, leads
to

i =u (15¢)
i, = Bbwyih — duy + (4 + bylyieuz (15d)

The eigenvalues of this system are

1
s A= 3 [+ bylyiol = V12b3yf — 4w? + (u + by lyiol)?

(16)

For y0 = 0, Eq. (16) reduces to Eq. (9) and we find that the
origin changes from stable to unstable near o = 19.5 deg as

before. We note that simultaneously two additional equi-
librium points develop at
P
1 \/b_3

and for the new equilibrium points, Eq. (14) reduces to

2
A )\2=%|:u+%:h }8w2+ <,L+\%ﬂ>} a”n
3 3

Both A; and )\, are real, and regardless of the sign of

blw
Bt =

Vb,

one is positive and one is negative. Thus, both of these equil-
brium points are unstable saddle points.

The phase planes for angles of attack of 15 and 25 deg are
shown in Fig. 6. These planes were obtained numerically by
integrating Eqgs. (12). The results for the 15-deg angle of attack
are shown in Fig. 6a and are nearly the same as those in Fig.
4a. The results for the 25-deg angle of attack are shown in Fig.
6b. These results have some features in common with the
results shown in Fig. 4b, but there are also some profound
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differences. The remainder of the discussion in this section
applies to the 25-deg angle of attack.

There is a limit cycle in both Figs. 4b and 6b, and the two
limit cycles have nearly the same amplitude and period. How-
ever, in Fig. 4b all initial conditions lead to the one limit cycle,
but in Fig. 6b some initial conditions lead to the limit cycle and
some (such as those labeled A) lead to roll divergence (i.e.,
continuous rolling instead of oscillatory motion). In fact, the
boundaries between the initial conditions leading to diver-
gence and those leading to oscillations are clearly evident. Roll
divergence has been observed for 80-deg delta wings.® Hence,
the evidence strongly suggests that cubic terms must be in-
cluded in the moment expression.

We can gain some additional insight into the character of
the solutions of Egs. (4) and (11) by obtaining an asymptotic
approximation to the solution. This is done in the next section.

Asymptotic Analysis of the Equation of Motion

In this section, we construct an approximate solution of Eq.
(11) using the method of multiple scales (see Nayfeh”:# and
Nayfeh and Mook®). Equation (4a) can be regarded as a
special case (b; = 0). As a bookkeeping aid in the analysis, we
introduce a parameter e, which can serve as a measure of the
strength of the nonlinearity, and then rewrite Eq. (11) as

¢ + ?¢ = e(2B1d + B2 1016 + B3 119 + B9?) (18a)
where

2ef = p, €8, = by, B3 = by, eBs=b; (18b)
Next, we assume that the solution of Eq. (18a) can be approx-

imated, for small ¢, by an expansion in the form
¢ = ¢o(To, T1) + €d1(To, T1) 19)

where T, = ¢ and 7T = ef are the so-called fast and slow scales,
respectively. To include more terms in the expansion, one
must also include more scales. Through the use of the chain
rule, ordinary derivatives with respect to  now become expan-
sions in terms of partial derivatives with respect to the fast and
slow scales:

d
d_? = Dogpo + (D10 + Do) + ... (20a)
d?¢ 2 5
32 = Dido+ e2DoDigo + Didy) + ... (20b)
where
a ad
Do = a—]_,o and D1 = a_Tl

In Eqgs. (20), squares and higher powers of ¢ were ignored in
order to make Eqgs. (20) consistent with Eq. (19).
Substituting Eqs. (20) and (19) into Eq. (18a), ignoring
squares and higher powers of ¢ and setting the coefficients of
€%, and e equal to zero independently, we obtain
Do + oo =0 | @1
Dy + w?é; = — 2DoD1obg + 281 Do + B2l bl Dosho
+ B31. Dy | Do + Bahd (22)
The solution of Eq. (21) can be written in the form

¢o = a(Ty) cos[wTy + O(Ty)] = a cosy (23)

where g and © are real functions of the slow scale 7 [Eq. (21)]
is a partial differential equation in which functions of T, are
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Fig. 6 Phase planes obtained by numerical integration of Eq. (12): a)
a=15 deg; b) a=25 deg.

treated as constants]. At this point, @ and O are arbitrary
functions; they will be determined later when the secular terms
are eliminated from ¢;.

Next, we substitute Eq. (23) into Eq. (22) and obtain

D§dy + w*d, = 2w(a’ siny + a®’ cosy) — 28,0a siny
2 . I . B4a2
— Brwa?lcosy Isiny — Biyw?a?lsiny Isiny + e (3 cosy

+ cos3y) 24)

where the prime denotes the derivative with respect to the
argument. Both 1cosy Isiny and |siny Isiny are periodic func-
tions of the fast scale T, and can be expanded in Fourier series
as

fcosy Isiny = §47—r siny + ... (25a)

Isiny siny = % sing + ... (25b)

After substituting Eqgs. (25) into Eq. (24) and rearranging the
result, one obtains
46200 2 _ 8630}2

Diéy + o*d) = Qua’ —2wBa ——— a a?) siny
3w 3
3
+20a0’ + —362“ cosy + ... (26)
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Because siny and cosy are solutions of the corresponding
homogeneous equation, any particular solution for ¢, will
contain terms having the factors T, siny and T, cosy. These
terms are the so-called secular terms. Secular terms render the
approximation [Eq. (19)] invalid as { —o0, because eventually
epy will be larger than ¢, instead of being a small correction
to ¢0.

To eliminate the secular terms from ¢,, one must set the
coefficients of cosy and siny in Eq. (26) equal to zero; that is,

@’ —Bia =2 B+ 2Bs)a’ = 0 @7
3T

0 + 384 a’=0 (28)
8w
After recalling the definitions of the 3;, Eq. (18b), and T;, we
can rewrite Eq. (27) as follows:

da _p 2 2
FTia) a+ I (b + 2wby)a 29

Equation (29) can be integrated to yield the following expres-
sion for the amplitude of the motion:

"
exp(2 t>
a= (30a)
K —-R expi % t ’

_ Aby + 2wby)
- 3rp

where
R K = (1+ Rap)/ag (30b)

and qy is a constant of integration, the initial amplitude.
Substituting Eq. (30a) into Eq. (28), replacing 8, and T3,
and then integrating the result leads to

exp (g t>
3b;

— +
4pwR
pe K —R exp<% t>

wox-res(y)]

0 =0

@31

where O is another constant of integration; R and X are given
above in Eq. (30b).
The first approximation to the solution of Eq. (11) is
¢ = a cos(wt + O) (32)
where « is given by Eq. (30a) and © is giveri by Eq. (31).
Next, we consider the behavior of ¢ as ¢ becomes large. It
follows from Egs. (30a), (31), and (32) that
¢—~0 if u<0 (33a)

(motion decays, wing rock does not occur); and
1 3b, 3b,
qS—f—RCOSI:( *—T>t+eo+2ﬂwR2 (l—en.R)], (33b)

if >0 (limit-cycle motion develops, wir_lg rock occurs).

J. AIRCRAFT
The amplitude of the limit cycle is

1 37

=R 4b, + Sob, G4

Qe
To this approximation, the amplitude is not affected by the
cubic term (b is the coefficient of the cubic term). In fact,

when Eq. (34) is rewritten in terms of the original coefficients,
Eqgs. (4b-4e), the result is

an. = 3 Lpo
7 4(sinaL g + 2L,,0)

(33

which agrees with the amplitude of the limit-cycle motion
obtained by Hsu and Lan. The period of the limit-cycle mo-
tion is given by

2 2
rT=—="_ = [1+

27w%u2b,
3b o

128w?(b, + 2wh,)? (36)

The period of the motion is affected by the cubic term. If b,
is zero, then .

27 2w
=" L __ 37
w v — sin O[SLﬂ ( )

which also agrees with the result obtained by Hsu and Lan.

Model of Nayfeh, Elzebda, and Mook

The authors also developed an analytical model of wing
rock.* The equation of motion was the same as Eq. (1).
However, instead of expressing the roll-moment coefficient as
Hsu and Lan did in Eq. (3), the authors used the following
form:

Ci= ¢ + a9 + a:0° + 0,9 + asd’d (38
which leads to a governing equation of the form

¢+ ¢ = mé + b1¢® + ¢’ + brpd? (392)
where
p1=Ca, — D,

W= — Cal, bl = Ca3 (39b)

po = Cay, b, = Cas (39¢)
where Cand D are given in Eq. (4f). The characteristics of the
solutions of Eqs. (11) and (39) are quite similar. Both predict
stable limit cycles and divergence above the critical angle of
attack. An asymptotic analysis of Eq. (39a) yields the follow-
ing expressions for the amplitude and period of the limit cycle:

e =2( — /)" (40)
2
=27 [1——————”‘(3b‘+;"b2)] @1)
1) 2py0

The coefficients in Eq. (38) were obtained in precisely the
same manner used to obtain those in Egs. (3) and (10), and the
same data (i.e., numerical results) were used for both equa-
tions. The coefficients are given in Ref. 4. Both Egs. (38) and
(10) fit the data very well; perhaps Eq. (38) fits a little better.

In Table 5, the limit-cycle amplitudes and periods are pre-
sented as functions of the angle of attack for the three models.
The amplitude and period obtained from Eq. (39) are in very
close agreement with the numerical simulation.

The results obtained from the model of Hsu and Lan give a

fairly accurate estimate of the amplitude, but poorly predict
the period (see Table 5). When the cubic term is added to their
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model, the accuracy of the predicted amplitude decreases
slightly while the accuracy of the predicted period increases.
Neither set of results agrees with the numerical 51mulat10n as
well as the results of Nayfeh et al.*

The present results suggest that the use of terms involving
absolute values (e.g., |¢1¢) does not lead to results that are as
accurate as those obtained by the use of analytical terms.
Also, the present results show that cubic terms are essential.
Without the cubic terms divergence is not predicted. Above
the critical angle of attack, the cubic terms are responsible for
additional equilibria and divergence. We note that the analysis
for equations such as Eq. (11) is significantly more tedious
than it is for equations with only analytical terms. A constant
term in the moment expression can be treated quite readily for
equations having only analytical terms, whereas such a term
presents analytical problems for equations such as Eq. (11).

Concluding Remarks

The analytical model of wing rock developed by Hsu and
Lan has been examined. It has been shown that this model
cannot predict more than one equilibrium; consequently, this
model cannot predict roll divergence. It has been shown that
the addition of a cubic term to the moment expression leads to
additional equilibria and to the prediction of roll divergence.
The results predicted by the original model of Hsu and Lan as
well as those predicted by the modified model are found to be
less accurate than those obtained from the model of Ref. 4.

The model of Hsu and Lan contains nonanalytical terms
such as l¢lé, whereas the model of Ref. 4 contains only

WING ROCK 743

analytical terms. In the absence of a constant term in the
moment equation, the analy51s of the governing equation of
Hsu and Lan is margmally more difficult. In the presence of
a constant term, it is 51gn1f1cantly more difficult.
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